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Class 12: Conservation of Momentum

Newton’s 24 law of motion:

. > d(mV
= ZF =m av = ( ) ; 1f m=constant 1n time.
dt dt

( 17) d (Momentum)SystQm
=2 F = - dt
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Class 12: Conservation of Momentum

Recall Mass Conservation:

aM .
=0
dt

Reynolds Transport Theorem:




Class 12: Conservation of Momentum

Recall Mass Conservation:

b o dMsys_i 2y
0= o —dt!lEdVJréL@V dA

Momentum Conservation: ‘




Class 12: Conservation of Momentum
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Assesg/transport terms
e. Assess storage of momentum terms

f. Putit altogether

g. Finish calculations for unknown
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Class 12: Momentum Conservation — how it works?

L d(Mom) g
3 F = P :dthVdew(LpV(V-n)dA

Z(Fxf+Fy}+F’Zl€) :% j p(uf+v}'+wl€)d‘v’+ J;p(uf+vj'+w/€)(17-dﬁ)

cr

Equate x, y and z components: INLET
M o, > A Vi
X-component: Z F —+ I pou (V ° I’l)dA A, 9:1180(,
CS
M
CV > A
y-component: Z F = Y 4 j ,OV(V . I”l)dA E)ot})roduct
Y AoB=HAHHBHCOS¢9
CS
z-component: Z F CVZ + | pW I7 -n |dA
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WHEN is MOMENTUM IMPORTANT ?
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INLET/EXIT DIRECTION

CHANGE ") AREA CHANGE PRESURE CHANGE

HEAeEle) " forces must be
_LDIVIEINA
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WHY/WHEN?

v" WHEN do we need Manometers and Fluid
Statics?

v" WHEN do we need Mass Cons

v WHEN do we need Mass Con

Qum & En

€

v WHEN do we need Be
Conservation

/7 WHEN do we need Mom
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Constant Properties

Momentum STORAGE
d M Momentum ouT Momentum IN
CV.
o dt + Z (uout — Z (um +)m
\ ¢ y LOut n .
NET FORCES CONTROL VOLUME @ SURFACE

TZF Lo, Tt L Vi, =2 (v, )i

out

/ZF CV +Z( oul‘—)m _Z( +)min

out

jpu(V n)dA pAujVondA mjVondA

cS

‘u+/-’’v+/-’ 'w+/-’ are velocity VECTOR quantltles
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Class 12: Momentum conservation - Example

Problem #1: Water flows steady through the elbow at 14kg/s and exits to
atmosphere. Determine the magnitude and direction of the anchoring force

(Rx) needed to hold the horizontal elbow in place as shown in Figure below.
. Pr.o =1000kg /m’
Solution: \/ A
m=14kg/s '
mo_ 14kg/s
LA, (1000kg/m3)(1 13cm2)

m

I/l:

sz

=20m/s

2

Momentum Conservation (ROAD MAP):

> F = dj\;” + > (u,, ym—> (u, £)m — ROAD MAP

S F =R4+R —%wzim — ¥y,

DUF = RA AR =V, 2y, — (V)i = =iV, +V,) s ity = 1, = rit = pO
0/2024 . 11
ZﬁfzéAl +R =—-—mlV, +V))




Class 12: Momentum conservation

Apply Bernoulli:

p1+7/zl+1/2pV12:p2+7/22+1/2pV22 e 2
L P-——.;-II /I
—z,)+1/2p (V7 -1} S

:>p1:7(22

= p, =(9810N/m3)(O.3m)+1/2(1000kg/m3)[(2Om/s)2 —(1.24m/s)2}
= p, =203kPa

m=pAV

R, =-FA4, _,0(V12Al + szAz)
= R, =—(203kPa)(113cm’ ) 1nr*/(100em)’ |~ (14 kg /s)[ (1.24m/s)+ (20 m/s)]

= R =-23kN -297.4N
= R =-2.6kN

2/20/2024
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Class 12: Momentum Conservation - Example

Problem #2: Water tlows steady through elbow as shown in the
Figure below. The pressure just upstream of the flange is 10kPa
(gage) and the velocity is 3m/s. The jet exits to the atmosphere
and the velocity is known to be 4m/s. Determine the forces on the
flange.

. v
Solution: X Packm
Momentum conservation: - 2 2
No storage 0 T/_.’ 30° A" o

]

- ZFX = d dtCV + Z(uout i)n./lout _Z (uin i)n/lm A‘= &Hz

V | B A
TZFJ’ :%_F;(Vouti)mout _g(vini)min E.' f}!"\‘/
LR 2
ZEC = Fx +p1A1 ' .’
N =V, /

;5202:4 F, R 7 13



Class 12: Momentum Conservation - Example

Inflow: d A1 _)Vl

. . 0 =180°
x-direction:

S F =T S -3, 2y,

out A,=3cm? A,
Fx+p1A1—O+(Vzcos30i)m2—(Vli)m1,ml—mzzn'fz:pAV:pQ '\e. Na
F. + pA =m[(V, cos30+)—(V;+)] \;é

i = pAV—lOOOkgO(OOOO?a)m e3.0M 00k
m S S

F. +p A = ,oQ[(V cos30+)— (V)]

F;+p1A—O9 (40—Cos30 3.0— ) 0.42N
s )

F.=0.42N —10,000Pa 0.0003m> = —2.58N(ﬂu1d X reaction force on bolt)

y-direction: Putting It All Together

2T = s+ 2 G = 7, F=(-2.58i+1.6]) N

=0+m,,V,sin30—0=1.6/N(fluid Y reaction force on bolt)

out
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A nozzle is attached to a vertical pipe and discharges water
steady at ?kPa at 0.1m3/s as shown. Determine the anchoring
reaction forces required to hold nozzle in place.

The nozzle has a weight of 200N and the water volume is
0.012m3.

30°
nDATA ///A

<

Al = 0.02m2 Area = 0.01 m?
AZ — O°Olm2 Nozzle
P = 40,000 a I¥
P, =7
VVnozzle — ZOON I | 2

p =40 kPa | | Area = 0.02 m
V. =0.012m"
O =0.1m> /s
Voo = 9800N / m>

TO.IO m3/s

2/2 0/2024 2?:::‘];;-'5‘3:& Sons, Inc. All rights reserved. 15



FREE BODY DIAGRAM

Nozzle
lg

p = 40 kPa Area = 0.02 m?

Area = 0.01 m?

Water Weightzyl3 oVm> Nozzle Weight = 200N
m

TO.IO m3/s
V1

© John Wiley & Sons, Inc. All rights reserved.

Figure P5.50

2/20/2024
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ROAD MAP

Mass Conservation — Change in Diameter
3

Q=A,V.=A,V, =0.1">

s
I{:g:Sm/S

Al
VZ:Q:IOm/S

A

|

Bernoulli — Change in pressure and velocity along streamline

assume Az small

i V—W[ i V—j
Yo 28 Yo 28

important for multi-branch flows
—
. B V-V
F, = [_1] ( = 2ijzo
m, V20 2g
=40,000Pa —37,462Pa
=2,538Pag

17



Y MOMENTUM
T z F CV + z (Vout )M ;0 _Z (vin i)min

out

—R, + B A, —PZA2 sin@ —W, —W, =0+ (V,sin@ +)m,

_(VI i)n'le

R, =PFPA —P,A,sin0—W, —W, —(V,sin @ x)m, +(V, ) n,
R, =PFRA —P,A,sin0—W, —W, —(V,sin @ +)m, +(V, +) n,

m, =m, =m= pQ
R, =PBA —PA,sin0—W, —W, —m(V,sin@—V,)

y

—
////

Area = 0.01 m?

Nozzle
lg

p =40 kPa | { Area = 0.02 m?

Water Weightzyﬁ3 oVm> Nozzle Weight = 200N “\ ‘
m

T 0.10 m3/s
2/20/2024 Fi?ur . & Sons, Inc. All rights reservey 1 Ry
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X MOMENTUM

i F;C = dMCV + Z (uout i)n./lout _Z (uin i)n/lm

dt out
+R_ —P,.A,cos0@ =0+, cos0+)m, -0
R =+, cosO+)m,+ P,A,cosb

Rx

2/20/2024 10-10 m®/s
Figure P5.50 ) V1 Ry

© John Wiley & Sons, Inc. All rights reserved.
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SYSTEM MODELING
3 Equations/3 Unknowns
1.R. =+, cos@+)m, + P, 4, cosO
R _—P,A4,cosO=+(V, cos0+)m,
2R, =RA —-PA,smO-W —W,—-—ml,sin0—-V))
R, +PA,sin@=PA W, —W, —m(V,sin0—V,)

P VZ-V;
3.Pz:£ —+— 2)71{20

Y 120 28
Matrix Equation

[A]ix} ={B]

{x} =[4]"'{B}
MATLAB/MATHCAD

60
45
30
15

=15
=30
—45
-60

2/20/2024
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System Modeling

IR, +0R, — P,[ 4, cos @] =+(V, cos O,
OR, +1R +P,[A4,sin0| =4 -W, -W, —m(V,sin0-V,)

Matrix Equation

[{Ij}] {:x[} A]{IB;;} OR, +0R, +1P, = (yio " Vlzz_szz JMO

MATLAB/MATHCAD

1 0 —A,cos@|(R, (V, cos O,

0 1 A4sinf |{R, c=sPA-W —W,—m(V,sin@—-V,)
H

0O O 1 \PZ ) V12 . V22
i ) + Y 120
k Y 120 2g J

2/20/2024 21



A vertical jet of water with a nozzle exit
velocity of 15 ft/s and a diameter of 1”
suspends a hollow hemisphere as

shown. Determine the WEIGHT.
Control

DEFINE

CONTROL ~ m

5.50

Figure P5:56 .
2/20/2024 © John Wiley & Sons, Inc. All rights reserved. 22



ROAD MAP

Mass Conservation — Change in Area

m, =m, =m,

AVI=AV,=AV =0
Bernoulli — Change in flow/pressure/height along streamline

1-3
P =P =P,=0

V2 \% V32
= +z3+—

41
2g
"1
v JZ

2/20/2024

Az |2 g V,(no friction)

Figure P5.56
© John Wiley & Sons, Inc. All rights reserved.
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Road Map

Mass Conservation
m, =m, =m,
BERNOULLI

V12
V,= E_AZ 2g =V, (no friction)

Y Momentum (neglect weight of water)

T Z Fy — dj\j—tCV + Z (vout i)n'/lout _Z vin i)’/i/lin

out in
W =0+ —)my = (V,H)my Vs =7,
—W =0-2mV,

2
2g

W(A,V,,Az)=2(pAV)) [I/I—Azlzg — p=194slugs/ f’

W =4.02[b

3

!

1

3

12 )

How would problem change if we

2/20/2024 included weight of water?

5.56
(Wiley & Sons, Inc. All rights reserved.
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Two steady water jets strike each other as shown in space. Neglect gravity
and determine V, theta, exit diameter.

Mass Conservation — Multiple inlet/exit streams
>, =Y m,, —>m=pAV
m, +m, = m,

Three Equations, M, M y,Zm =0

Unknowns - V,,D,,0

V,=10 ft/s —>§>

0.1ft

Y Momentum

T Z Fy ndV + Z (vom _)mau[ Z (vl.n i)mi,1

out in
0=0+(;sin 6’+)m3 -V, +)m,
sin@ = —Vln?l
Vym,

COMBINE i
© John Wiley & Sons, Inc. All rights reserved.

X Momentum 3in @ = imy

-+

dM —
D= Y i~ Y 0, 2 tan®

out in

0=0+ (V cos 0+)m, — (V,+)m,

v, =10 ft/s

5-57

25



COMBINE

COMBINE MASS +Y MOMENTUM
T Z F CV + Z (vout —)m _Z (V +)m

out
m, +m, = m,

Y MOMENTUM mm_,& O,lﬂ _
0=0+(V,sin0+)m, —(V,+)m,
0=0+ ;s O+)m, +m,)—V,+)m,
V),

sin O(ri, + i, )

V.V,,m,m,,0) = = KNOWN

2/20/2024 26



p=1
¢ |
— J
=1 = ~— 12N
\ ‘
Area = 0.003 m?
Area = 0.01 m? |
5-53 Y

0120/ 204" Wiy &Sons nc.Alrights reserved. )



Fundamantals Driving Problem Road Map
1. Conservation of Mass: Change in Diameter

2. Bernouli: Steady Inviscid Flow/Change in Velocity/Pressure Along Streamline
3. Conservation of Momentum: Exit/Inlet Flow to CV, External Applied CV Force

I
Area = 0.01 m?

Figure P5.57
© John Wiley & Sons, Inc. All rights reserved.
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CONTROL VOLUME#1
Mass Conservation + Bernoulli
ml = mz
xAlvlzxAz 2
MASS CONSERVATION
_ szz
Al
BERNOULLI

Vl

e
2g

]




Control Volume #2
X Momentum

—)ZJF Fx dMCV + Z (uout —)mouz _Z (um —)mm

—14N:O+0—(V2i)m2
=0+0-(V,+)p, 4V,

=—p,4, sz

12N{

kgm

S

2/20/2024

Tl
L | y
it
/4

:| :I/2’pair:1'23k—g3.

57.96- =V,

30




“...Learning within a
PROCESS results in deeper
and a more enriched learning
and understanding....”

e:e:} @ B

. K.(.‘\ vy

=) - 2

C { . --‘*
B @b
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Step 1:
Follow the PATH

Stremline Points

Coordinate System

Control Volume

Figure P5.66

© John Wiley & Sons, Inc. All rights reserved.

2/20/2024

tube I

CONTROL
VOLUME

F____

Stagnation | Fixed vane

] 2|| 4|a

A
X

Free
air Iet

] m_ ] ] ] | ] ] ]
<

34
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FUNDAMENTAL PRINCIPALS DRIVING ROAD MAP
Manometry (AP)

Conservation of Mass

Conservation of Energy--Bernouli

Conservation of Momentum



http://www.automoblog.net/2007/05/11/should-old-people-be-banned-from-driving-revisit/
https://creativecommons.org/licenses/by-nc/3.0/
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X
P3:P2:7H20§

Energy

B VW_B .,
%xir 2g 7alr /Zg
X
V12 P 71{206
2g 7/air 7/air

Ibf
7/H20|:ﬁ :|12[ﬁ]

[
ar|

2/20/2024

— Stagnation Pressure

[Stagnation Fixed vane

tube

1 22— }2-ia)a.

38



X Momentum

dMCV + Z (uout —)mout _Z (uzn —)mm

out
—Rx =0+ (V5 cos 0+)m, —(V,—)m,
MASS CONSERVATION
ms=my =m=p, AV
—Rx=0+m(V,cos0+V,)
V.=V,=V — NO FRICTION
—Rx=0+mV (cos@+1)
Rx=—-—mV(cos@+1)
Rx=mV(cos@+1)«TO THE LEFT

V[ﬁ} M{lbf}lz[f |

I%

[
o

| 7

2/20/2024

Stagnation Fixed vane

[tube
2 )]

TZF h dMCV +Z out out Z(vm-l_) m

t out in
+R, =0+ (V;sin6-)m; -0
=0-p, AV sing

=P, AV sinf
+R = p,, AV: sin@ - DOWN

[p A, (c0s9+1)}z+[p AV, s1n9%9

air air



MATRIX EQUATIONS

EQUATION 1
be}
Y E20 { 7[f]
e e v i
S Ibf s
|5 }
UNKNOWN 1 |:lbf:|
A 2 UNKNOWN2 UNKNOWN3 Y 120 1 5 CONTROLLING INPUT
{H{Vﬁ}H +{0]{R,} +{01{R, | = ﬁlbf L x )
BtH
a,, =1
a, =0
a,; =0
[zbf}
F =X st 12 - {x}

1
b
7&1” {ﬁf}
2/20/2024 .



MATRIX EQUATIONS

EQUATION 2
Rx=—-mV(cos@+1)
=—p_ AV?*(cosO+1)
=—p . A(cos O +1) {VZ}
UNKNOWN1  UNKNOWN 2 UNKNOWN 3
—— , e - N\
P A(cos@+1) {1} +{1}{Rx} +{0}{Ry} =0
ay = P, A(cos 0 +1)

a,, =1
a,, =0
F,=0

2/20/2024
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MATRIX EQUATIONS

EQUATION 3

+Ry = IOair
R, —p,, AV sin@=0

UNKNOWN1 UNKNOWN 3
A UNKNOWN 2

—pAssin® (V21 +{0H{R |+ {I1{R,} =0

2/20/2024

AV ?sin@

42



Matrix Equation
[A]ix} = 18]

x} =[4]"{B}
MATLAB/MATHCAD

(" A
uo dn an ||
1 Gy Ay |4 =

31 Ay i3 \¢3J

N

N

N

2/20/2024




“FINAL MATRIX SYSTEM EQUATIONS”

1
p,..A(cos @ +1)
—p,..Asin o

2/20/2024

0 0]
1 0
0 1

> =9

ﬁ3

lb 2 N
7/H20|: f}’ S

12

Ibf
AL

0
0

|
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Water flows steadily from a 1m Dia. tank as shown and strikes the cart that weighs
100N. If the fluid is inviscid and if the coefficient of friction for the wheels is 0.3,
determine V1, V2, and the tenson in Rope B first, then Rope A.

Show and execute Road Map.

Control
Volumes

______1

GEagEst s, Tl Nozzle area = 0.01 m? |

Horizontal free jetp

5.44

Figure P5.46
© John Wiley & Sons, Inc. All rights reserved.
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Step 1:
Follow the PATH

Stremline Points

Coordinate System
Control Volume
FREE BODY DIAGRAM

2/20/2024

CONTROL
0 VOLUME A

Sl A Nozzle area = 0.01 m?

2
i Horizontal free jets
4 m
W1 l — 2
(o) (o) (o) (o) LY
Rope A N Rope B

© John Wiley & Sons, Inc. All rights reserved.
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dM

Z F;c —=+ Z (uout _)mout _Z (um +)mm
out

1, + F =O+(Vz+)mz
T, = (Vy)m, — F,
=(V,)m, — uN
ENERGY

P P 45
Ltz =2 +z, +—2

14 14 2g

V,=\(z0-2,)2g =10.85m /s
= pAV, =108.5kg / s

N =W, +W, =720V + W,
= (V,)m, — uN

47



CONTROL VOLUME B

—>+

3P, = 3 £t~ 1 2,

out

Iy =1, + I =0+M(V2—Vl)

T, =m(V,~V,)+T, +F,
= i(V, V) + Ty + u(W,)

L% EE S S -
:—:—,-—:—_:::::—Tf‘:—_:::::I Nozzle area = 0.01 mr -

Horizontal free jets I
v, I

2/20/2024 Rope A Rope B
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